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INTRODUCTION 


This  note  discusses  the  mathematics  associated  with  predicting  the 
hit  and  kill  probabilities  associated  with  multidart  rounds.  For  the 
sake  of  brevity,  we  will  dispense  with  the  traditional  discussion  of 
definitions  pertaining  to  fixed  bias,  variable  bias,  and  round -to -round 
errors.  Instead,  we  will  proceed  directly  to  the  problem  at  hand. 


DERIVATION 


Patterns 


The  patterns  that  are  assumed  are  basically  circular.  In  the 
"hollow”  pattern  the  darts  have  individual  variations,  but  their  mean 
points  of  impact  are  assumed  to  fall  on  the  circumference  of  a  circle  of 
radius  r,  equidistant  to  each  other.  A  "dense”  pattern  is  a  hollow 
pattern  with  an  additional  dart  in  the  center  of  the  circle.  Figure  1 
schematically  depicts  the  patterns  considered. 


x 


Hollow 

Figure  1 . 


) 


Dense 

Patterns 


Since  the  individual  darts  may  vary  about  their  mean  point,  they 
are  not  necessarily  equidistant  either  from  the  center  or  from  each 
other,  for  a  particular  event. 
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Probability  Derivation 


Let  n  >n  represent  the  coordinates  of  the  center  of  the  circle. 
If  the  position  of  the  center  has  a  distribution  similar  to  a  single 
shot  system*  its  probability  density  function  takes  the  form: 


fcvy 


- - - —  •  exp 

2t to  a 


n  n 
x  y 


N  2 

x  -  %  > 

X 


(n/  -  y 


(1) 


where  y  >y  =  fixed  bias  of  system 
n  n 
x  y 

2  2a 

o  ,o  =  variance  of  the  system, 
n  n 
x  y 

Assuming  that  the  individual  darts  have  a  normal  distribution 
about  their  mean  points,  their  probability  density  functions  are  given  by 


f . (x,y)  =  ~ - 

2t jo  o 
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where  x,y  =  coordinates  of  the  impact  point 

gx  (r,0,nx)  =  r  cos  0  +  (— — — )27r|  +  nx;  i.e.,  the  mean  point  of 

i  L  J 

impact  for  the  ith  dart  in  the  x  direction 

gy  (r,e,ny)  =  r  sin  £e  +  C1  ~  +  ny;  the  mean  point 

of  impact  for  the  ith  dart  in  the  y  direction 

N  =  number  of  darts  on  the  periphery  of  the  circle  of 
radius  r. 

i  =  the  particular  dart  being  examined 
0  =  angular  orientation  of  the  pattern 


This  is  a  desirable  assumption  since  it  allows  for  the  degenerate  case3 
i.e.j  a  dense  pattern  having  only  one  dart . 
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It  should  be  noticed  that  for  a  dense  pattern,  the  center  dart  has  the 
density  function  defined  by  Equation  (1) .  Also  the  density  function  for 
the  patternfs  orientation  is  assumed  to  be  uniformly  distributed,*  i.e., 
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(3) 


The  probability  of  missing  a  target  with  all  darts  in  the  pattern 

for  a  given  impact  center  n  ,n  and  orientation  0  is 
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where  P(nv,nv)  =  1.0  if  point  n  ,n  is  on  target  area  and  equals  zero 
X  7  if  not  X  7 

j  =  0  for  hollow  pattern  and  1  for  dense  pattern 

A  =  presented  area  of  target. 


Since  all  possible  center  of  circle  coordinates  and  orientations  must 
be  accounted  for, 
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and  finally,  the  probability  of  hitting  the  target  at  least  once  is 


P„  =  1  -  P 


M 


(6) 


The  probability  of  killing  the  target  follows  the  same  lines  except 
that  the  density  functions  f.(x,y)  must  be  multiplied  by  the  probability 
of  killing  the  target  given  an  impact  point  x,y  and  P(n  ,n  )  is  multi¬ 
plied  by  a  similar  conditional  kill  value.  x  y 


It  is  currently  envisioned  that  the  orientation  of  the  round when 
chambered ,  will  be  arbitrary;  thus ,  the  orientation  of  the  pattern  is 
assumed  to  be  uniformly  distributed. 


7 


It  is  of  interest  to  note  that  Equations  (5)  and  (6)  are  merely 
generalizations  of  the  probability  of  hitting  a  target  firing  N  rounds 
with  a  single  shot  system.  In  this  case,  i  =  r  =  0  and  nx>n  are  the 
variable  biases  of  the  system.  Under  these  conditions  Equation  (5) 
reduces  to 
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SUMMARY 

A  general  equation  has  been  derived  which  predicts  the  hit  and  kill 
probability  of  multidart  single  shot  patterns  and  single  dart  multishot 
patterns . 
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